An optical magnetometer based on electromagnetically induced transparency is analyzed. Utilizing the different orientation characteristics for different field polarizations, the magnitude and orientation of an applied magnetic field can be measured. As a model system we consider the sodium D 1 transition taking into account hyperfine structure and optical pumping effects.
I. INTRODUCTION
The presence of atomic coherence manifests itself in the optical properties of materials through a plethora of effects such as electromagnetically induced transparency ͑EIT͒ ͓1͔, enhanced index of refraction ͓2͔, lasing without population inversion ͓3,4͔, or resonantly enhanced nonlinear processes ͓5͔. Among the interesting applications of these effects is a proposal for a new kind of magnetometer ͓6,7͔. Contrary to the common and established techniques of optical magnetometry ͓8͔, it operates in the high-density -strong-field regime leading to potentially higher signal-to-noise ratios. This new type of magnetometer utilizes the high dispersion at an EIT resonance where the absorption is almost completely canceled by quantum interference.
For example, for a simple three-level system, as shown in Fig. 1 , the real part of the susceptibility of the probe transition, Ј, close to the resonance point, is linear in the twophoton detuning ⌬,
Here ဧ is the dipole matrix element, ⍀ is the Rabi frequency of the driving field, and N the atomic density. At the same time, as shown in Fig. 1͑b͒ , the imaginary part of the susceptibility-which determines the absorption-has a minimum value given by
␥ c is the relaxation rate of the lower levels, which can be much smaller than the optical decay rates and thus Љ→0.
Since the index of refraction nϭ1ϩЈ/2 is linear in the two-photon detuning, a relative Zeeman shift of the levels ͉c͘ and ͉b͘ caused by a magnetic field B leads to a phase shift of the probe field proportional to B,
Here is the wavelength of the atomic transition, l the propagation distance, and we have used the relation ␥ ϭဧ 2 3 /6ប⑀ 0 c 3 for the radiative decay rate of the upper level. a is a constant containing Bohr's magneton and the Landé factors of the lower levels. Due to the absorption cancellation, high atomic densities can be used, which leads to a large phase shift in the presence of a magnetic field.
For many applications the simultaneous detection of both the direction and the magnitude of small magnetic field fluc-FIG. 1. ͑a͒ Level scheme of an EIT resonance. ͑b͒ Polarization spectrum ͑in arbitrary units͒ of the EIT resonances as a function of atom-field detuning ⌬ϭ ab Ϫ for resonant drive field. Im͓ P͔ corresponds to absorption, Re͓ P͔ to dispersion. tuations will be of particular interest ͓9͔. In the present paper, we investigate, therefore, the orientation dependence of the dispersion at an EIT resonance and suggest a particular way to measure the magnetic field vector. This is made possible by utilizing the dependence of the atom-field coupling strength of polarized light on the angle between its k vector and the quantization axis of the atoms ͑direction of the B field͒. Using a strong driving field, atomic coherence is created within the hyperfine structure of the sodium ground state as in Fig. 2 , where the effects of optical pumping and coherent population trapping ͓10͔ have to be taken into account. The measured phase shift of a weak probe field in such a configuration will in general depend on the orientation of the magnetic field with respect to the field propagation and the polarizations of the probe and drive fields.
The outline of the paper is as follows. In Sec. II, the probe response of the sodium system including the hyperfine splitting is calculated. Since optical pumping due to the probe field can significantly affect the optical response in a multilevel system, the probe field is taken into account to all orders. In Sec. III, numerical results for the phase shifts of the probe light are presented and the sensitivity of the magnetometer is estimated. In Sec. IV, we discuss a possible method to detect both the magnitude and the direction of the applied magnetic field simultaneously. This method relies on the simultaneous measurement of phase shifts for the left and right circularly polarized components of the probe laser, which have a different orientational characteristics. Finally Sec. V summarizes the results.
II. DISPERSION NEAR AN EIT RESONANCE IN THE SODIUM D 1 MANIFOLD
Both the ground state (3S 1/2 ) and the first excited state (3P 1/2 ) of sodium have two sublevels Fϭ1, Fϭ2 as a result of the coupling between the electronic angular momentum (Jϭ1/2) and the nuclear spin (Iϭ3/2). In the present scheme, the Fϭ1 levels of the excited state are coupled to the doublet of the ground state via two resonant radiation fields. The level scheme and the relative transition rates are shown in Fig. 2 .
If we apply a magnetic field B whose direction defines the quantization axis, the frequency shift for each hyperfine sublevel is given by
where B is the Bohr magneton, m F is the magnetic quantum number, and g F is the magnetic g factor given by
For our purpose, it is convenient to use shorthand notations for the quantum numbers of the atomic system of sodium, namely
where m a ,m b ͕Ϫ1,0,1͖ and m c ͕Ϫ2,Ϫ1,0,1,2͖.
In the following, a probe laser of frequency couples the Fϭ1 levels ͉a͘ and ͉b͘, whereas the Fϭ2 levels are coupled to ͉a͘ by a strong coherent driving field of frequency Ј propagating in the same direction as the probe field. If the two light beams are left circularly polarized, we have two ⌳ schemes such as in Fig. 1͑a͒ , involving ͉a, Ϫ1͘,͉b,0͘,͉c,0͘, and ͉a,0͘,͉b,1͘,͉c,1͘. Since for ͉b,1͘ and ͉c,1͘, g F has opposite signs and m F 0, the latter configuration will contribute to the two-photon detuning ͑between ͉b͘ and ͉c͘) and thus to a phase shift in the presence of a magnetic field .
The atom-field interaction, in the rotating wave approximation, is described by the Hamiltonian
with a free term H 0 that includes the magnetic sublevel shifts. In the above short-hand notation, ͉a͘ represents all upper levels with different magnetic quantum numbers, and ͉b͘ and ͉c͘ stand for all lower levels Fϭ1 and Fϭ2, respectively, as indicated in Eq. ͑6͒. The summation runs over all values of m a , m b , and m c , for which the levels are actually coupled by the probe and the drive field. The Rabi frequencies of these transitions are given by
Relative coupling constants ဧ ab ϭyဧ in sodium hyperfine manifold from the excited state (3 P 1/2 ,Fϭ1) to the ground state (3S 1/2 ,Fϭ1,2), where ဧϭ2.3ϫ10
Ϫ30 C m; each y value is shown ͑same as for ဧ ac ).
where ဧ ab and ဧ ac denote the dipole matrix elements between the particular states of the ͕͉a͖͘, ͕͉b͖͘, and ͕͉c͖͘ manifolds, and E and E d are the amplitudes of the probe and drive fields.
To include incoherent relaxation between the atomic levels, we describe the above system by a master equation
where is the density matrix for the atom,
and the operator L accounts for all the relaxation processes. For instance, for spontaneous decay from ͉a͘ to ͉b͘, L has the explicit form
where we again suppress the indices for the magnetic sublevels. A similar contribution to L is given by the decay from ͉a͘ to ͉c͘, or by the thermal and collisional redistribution between ͉b͘ and ͉c͘, which is particularly relevant in our system. The dispersive properties of sodium, which are illustrated in Figs. 3 and 4, are calculated by solving Eq. ͑9͒ numerically. In steady state, Eq. ͑9͒ represents a system of linear equations for the coefficients lm l ,l Ј m lЈ , which can be solved by a simple matrix inversion algorithm. For left-circularly polarized ͑LCP͒ probe light, the complex polarization of the atomic transition ͉3 2 P 1/2 ,Fϭ1͘ ↔͉3 2 S 1/2 ,Fϭ1͘ is related to the density matrix elements via
where N is the atomic density, and a similar relation holds for the polarization on the ͉3 2 P 1/2 ,Fϭ1͘↔͉3 2 S 1/2 ,Fϭ2͘ transition, which is induced by a coherent LCP driving field. In Figs. 3͑a͒ and 3͑b͒ we show the steady-state values of P for a resonant drive field and different values of the probe field detuning (⌬ϭ ab Ϫ). ⌬ is given in units of ␥, the inverse of the lifetime of the 3 P 1/2 level, which is 16.4 ns ͓11͔, and P in units of 10 Ϫ3 Nဧ ab . Near resonance, the imaginary part of the polarization drops to zero while the real part is linearly proportional to the detuning ⌬. This feature is similar to the absorptiondispersion behavior in the simple three-level ⌳ system as shown in Fig. 1͑b͒ . Note, however, the qualitative and quantitative difference between the curves in Fig. 3 and 1 . Whereas in the three-level scheme the absorption curve (Im͓ P͔) has two comparably narrow peaks at the points of maximum absorption, for the multilevel configuration these resonances deform into a winglike structure. A similar observation can be made for the refraction curve (Re͓ P͔). The different shape of the curves for the multilevel and the threelevel situation is due to the effects of optical pumping and coherent population trapping in the ground-state doublet. Figure 3͑c͒ shows the population distribution for exactly resonant probe and drive fields with parameters ⍀ ac ϭ␥, ⍀ ab ϭ0.2␥, and ␥ c ϭ10 5 s Ϫ1 for the collisional ͑phase͒ relaxation rate for transitions within the ground-state doublet. Note also that there is significant thermal population of the ͉c͘ϭ͉3 2 S 1/2 ,Fϭ2͘ multiplet. Due to these effects, the steady-state population strongly depends on the polarization of the applied fields and thus on the direction of the magnetic field with respect to the propagation direction of the lasers. Furthermore, a first order treatment in the probe coupling, which can be applied to the three-level scheme where to zeroth order in the probe field all population is in level b, is generally not valid in the multilevel situation. Here optical pumping caused by the probe field is relevant and needs to be taken into account.
To demonstrate the effect of optical pumping by the probe field we show in Fig. 4͑a͒ the susceptibility curves in the absence of the driving field. In this situation, the population in the ͉b,0͘ and ͉b,1͘ levels is optically pumped to the other levels of the ground state as can be seen in Fig. 4͑b͒ . From  Fig. 3͑a͒ we can roughly estimate the dynamical range of the magnetometer. Since the real part of the polarization shows a linear response to the detuning up to ⌬ϭ0.14␥, according to Eq. ͑4͒ the operation range of the magnetometer will be up to approximately 1 G.
III. ORIENTATION DEPENDENCE AND MAGNETOMETER SENSITIVITY
A probe field propagating along the z axis through a medium of length l will acquire a reduction in amplitude and a phase shift according to
where is the transmittivity of the cell. Within the medium, the propagation of the field is described by the wave equation, which in the slowly-varying-amplitude approximation reads ͓12͔
To calculate the phase shift, we solve Eqs. ͑9͒ and ͑14͒ selfconsistently.
If the propagation direction of the probe field coincides with the direction of the magnetic field to be measured, then, for an LCP probe, the induced polarization involves only two pairs of levels and is related to the atomic density matrix as in Eq. ͑12͒. In general, however, there will be a nonzero angle between the propagation axis of the laser fields in the medium and the magnetic field. This is particularly important if one wants to follow small fluctuation of a given average magnetic field, and the direction of this fluctuation is not predictable. In this situation, both the probe and driving field will couple to all the magnetic sublevels as is shown in Appendix A. The equations for this situation are, of course, still given by Eqs. ͑9͒ and ͑14͒, although Eq. ͑9͒ now involves all atomic levels and the corresponding relation between the polarization and the density matrix elements is more general than in Eq. ͑12͒.
The general solution of these equations is plotted in Fig.  5 . There we show the probe phase shift ⌬ for two orthogonal polarizations ͑LCP and RCP͒ as a function of angle and magnitude B of the magnetic field. For the driving field, left-circular polarization ͑LCP͒ was chosen. One can see that the dependence of the phase shift on the magnetic field has a different characteristics for an LCP and an RCP probe. We will utilize this fact in the next section to propose a scheme that allows us to simultaneously detect magnitude and direction of B-field fluctuations.
For a fixed angle , the phase shift ⌬ changes linearly with the strength of the magnetic field, but the slope of this change depends on . This linearity reflects the fact that the two-photon detuning induced by the magnetic field stays, for the parameters of Fig. 5 , within the linear range near the origin of Fig. 3͑a͒ , which defines the operation range of the magnetometer. For a fixed value of B, a cut through Figs. 5͑a͒ and 5͑b͒ parallel to the x-z plane gives the angular dependence of the phase shift. This is shown in detail in Fig. 6 , which demonstrates the different directional characteristics of the LCP and the RCP probe.
Before we further discuss these figures in the next section, let us briefly comment on the sensitivity of the magnetometer, which has been discussed in Ref. ͓7͔ . As was shown in ͓7͔, the minimum detectable phase shift, as determined by shot-noise, is given by
where n in is the number of input photons passing through the interferometer per measurement time. This result was obtained by assuming a B field that is parallel to the propagation direction of the laser beams. As can be seen from Fig. 5 , the linear response of the signal to a change in B is strongest for ϭ0. For 0, this response is generally weaker and   FIG. 4 . ͑a͒ Polarization spectrum of the sodium D 1 line, with probe field only (⍀ϭ0.2␥), in the same units as in Fig. 3 . ͑b͒ Corresponding population distribution at resonance ⌬ϭ0.
depends on . For the singular value ϭ/2, when the B field and the laser fields are perpendicular, the probe laser acquires no phase shift at all. The magnetometer will therefore be differently sensitive to changes of the magnetic fields of different direction. For the optimum case ϭ0, the ultimate sensitivity of this magnetometer is in the shot-noise limit found to be of the order of 10 Ϫ11 G in a measurement time of 1 s. ͑An analytic estimate of the sensitivity to first order in the probe field is given in Appendix B.͒ Since we deal with atoms in a cell, it is important to consider also the effect of Doppler broadening. A detailed study ͓7͔ shows, however, that Doppler broadening plays a negligible role if the probe and driving field propagate in the same direction, the two-photon Doppler-broadening is small, and the drive field is sufficiently strong. These requirements ͑for details see ͓7͔͒ are satisfied in the present configuration and we therefore disregard Doppler broadening.
In the present study we have, for simplicity, assumed that the driving-field intensity is controllable to an arbitrary accuracy. In this case we can neglect the effect of ac Stark shifts from nonresonant couplings. Finite fluctuations of the driving-field intensity, however, give rise to an uncertainty in the susceptibility of the medium. In sodium the most relevant nonresonant couplings are between the hyperfine level F ϭ2 of the first excited state ͉3 P 1/2 ͘ and the ground state.
Our numerical studies including these couplings show that for a sensitivity of about 10 Ϫ10 G the intensity of the pump field has to have a short-time stability of 10 Ϫ7 . If we assume a stability of 10 Ϫ4 , the maximum value for the sensitivity reduces to 10 Ϫ7 G. These values can be improved by an order of magnitude if one uses cesium instead of sodium, since the frequency spacing of the nonresonant levels is larger. Note furthermore that the effect of nonresonant ac Stark shifts is much smaller in systems without a hyperfine structure.
Summarizing, we can say that the sensitivity of the magnetometer employing the hyperfine manifold depends crucially on the intensity control of the driving laser. Although the achievable sensitivity in such a configuration is significantly smaller than for atoms without a hyperfine structure ͓7͔, it offers a unique way to measure both the magnitude and the direction of a magnetic-field fluctuation simultaneously. This is of interest for various applications and will be discussed in the next section.
IV. SIMULTANEOUS MEASUREMENT OF MAGNITUDE AND DIRECTION
As one can see from Fig. 6 , the phase shift corresponding to a magnetic field depends on its direction. If the direction is not known, one cannot uniquely tell what change of the magnetic field was detected for a given phase shift ⌬. On the other hand, the different characteristics of the orientation dependence for probe fields with orthogonal polarizations offers a way to measure both the magnitude and the angle ͑with respect to the propagation axis͒ of a magnetic field fluctuation simultaneously.
In Figs. 7͑a͒ and 7͑b͒ , the contour graphs corresponding to Figs. 5͑a͒ and 5͑b͒ plane, so that each contour corresponds to a specific value of the phase shift. A measured phase shift for LCP light corresponds to one specific contour in magnitude-direction space. Since the measurement of the phase shift for RCP gives another contour in the same space, the crossing point of the two contours yields a unique identification of the detected magnetic field in both magnitude and direction. The only exception is given for changes of the field perpendicular to the laser beam, which lead to no change in ⌬ for either the LCP or RCP probe.
We note that our measurement scheme is not restricted to detecting small magnetic fields. Due to the large dynamic range of the magnetometer, it is also possible to observe small variations of a large magnetic fields by tracing the crossing point. Suppose we have a known magnetic field ͑meaning that we have one point on the contour graph͒ and there is a small change in the magnetic field. The corresponding signal change of the LCP light leads to a move of the crossing point to another contour line, but we do not yet know the direction of the change in the B field. As soon as we get the signal for RCP ͑moving to another contour line in the RCP plane͒, we can find a crossing point again, and we have both the magnitude and the direction of the magnetic field variation with respect to the symmetry axis. If all three spatial components of the B field are required, we need to measure the phase shifts one more time after rotating the magnetometer by an arbitrary angle in order to get rid of the axial symmetry.
For some applications it may be inconvenient to first apply an LCP and subsequently an RCP probe laser, and a simultaneous measurement of the corresponding signals is required. If we use, however, an LCP driving field and a linearly polarized probe field, which can be regarded as a superposition of right and left circular polarization, it is indeed possible to measure the different phase shifts of each polarization at the same time. In Fig. 8 we provide a possible scheme for a simultaneous measurement of the phase shifts of the two orthogonal polarizations. They are now directed to two different outputs via polarization beam-splitters ͑PBS͒, each of them corresponding to one specific circular polarization.
V. SUMMARY
In this paper we investigated the orientation dependence of a magnetometer based on atomic phase coherence. As a model case, we analyzed the interaction of two quasiresonant fields with the sodium ͉3S 1/2 ͘ and ͉3 P 1/2 ͘ hyperfine manifolds on the assumption that the fluctuation of the pump field intensity is sufficiently small. The phase shifts for the right and left circularly polarized laser fields have been calculated for an arbitrary orientation of the magnetic field.
Due to the different characteristics of the phase shifts of the two orthogonal circular polarizations, the contour-graph method provides a unique determination of the magnetic field with regard to both its orientation and its amplitude. Hence we can accomplish a simultaneous measurement using two output ports in a Mach-Zehnder interferometer. High sensitivity, a large operation range, and vectorial fluctuation detection make this type of magnetometer a potentially useful tool in many areas of application. If the magnetic-field direction has an angle with the propagation direction of the light beam ͑which we chose to be the z axis of our coordinate system͒, both the driving and the probe field couple to all the magnetic sublevels as shown in Fig. 2 . We can simplify the description by introducing an appropriate atomic coordinate system xЈ,yЈ,zЈ in which the zЈ axis is parallel to the magnetic field. Taking the xЈ axis to be the same as the x axis, the unit vectors of these coordinate systems are related by
For the circular polarization, the unit vectors are defined as 
where we have used Eq. ͑8͒ for the probe field. Taking the coupling constants into account ͑see Fig. 2͒ and using ␥ c0,b0 ϭ␥ c1,b1 ϭ␥ c /2 and ⌬ c0,b0 ϭ0, we find
